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1. INTRODUCTION
The growth in Internet traffic associated with video streaming and

sharing of live video content is so rapid that it may soon dwarf all
other forms of Internet content. By late 2012, Internet video alone
is projected to generate almost 10 exabytes of traffic per month,
accounting for nearly 50 percent of all Internet traffic [3]. ISPs
and content providers are faced with the challenge of devising and
deploying technologies to accommodate the surging demand for
bandwidth. Data generated in real-time such as by live video broad-
casts (e.g. sports games or new episodes of popular TV shows), chat
systems, immersive virtual reality applications and games typically
can’t be cached at all. In today’s systems, each client may pull such
information on its own point-to-point stream directly from the data
center, even if large numbers of clients share interest in at least some
aspects of the data.

Here, we lay the groundwork for a new overlay networking archi-
tecture called GRADIENT aimed at reducing the load on providers
of live-streaming content. At the crux of GRADIENT is an algorithm
to construct dissemination overlays for each data stream. Nodes
express their utility for receiving each stream at a given rate, which
allows us to explore the trade-off between offering a lower-quality
stream to a greater number of nodes and high-quality transmissions
for fewer nodes. The idea is that intermediate nodes can downgrade
the quality of the streams they receive and transmit at a lower rate if
needed.

We present a cost model of the network and users, and give an
effective algorithm to route streams to balance user utility with
bandwidth costs by transforming inflight data to match the live
stream to the preferences and requirements of the consumer.

2. MODEL AND ALGORITHM
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Consider a collection S of content streams that must be dissem-
inated over an undirected graph G = (V,E). Each edge e ∈ E
has a cost ce ≥ 0, reflecting e.g. actual unit bandwidth costs. For
simplicity, we assume that the source streams originate at a single,
abstract source node s ∈ V . This assumption is reasonable in our
context since services must store media contents (such as a CDN)
or maintain consistency (such as a virtual reality service) at some
central location, but is not restrictive since one can model multiple
content sources by connecting each to s at a zero cost.

Other nodes v ∈ V subscribe to a subset of the streams in S , and
express preferences for the quality they receive for each stream in
terms of a utility function. Note that some nodes in G need not be
subscribed to any stream, but may instead act as proxies. In our sce-
narios, nodes tend to subscribe to multiple concurrent streams, such
as different object update streams in the case of virtual reality, or me-
dia in the case where a node collectively represents the customers of
an ISP. We express these subscriptions in terms of utility: each node
v ∈ V derives ui(v, r) ≥ 0 utility for receiving stream i ∈ S at
rate r. For convenience, we assume that each rate r is chosen among
finitely many rates 0 = r0 < r1 < · · · < rk, and ui(v, 0) = 0 al-
ways. For example, (r0, r1, r2) = (0, 200 Kbps, 400 Kbps) means
that stream i may be received by subscribers at either 200 or 400
Kbps, or not at all. Let R = {r0, r1, . . . , rk}.

Users receive zero utility, ui(i, ·) = 0, if they are not interested in
stream i ∈ S . We further assume that utility grows monotonically in
r, more specifically that receiving a stream i at rate ra > rb provides
more benefit for the user so ui(v, ra) ≥ ui(v, rb). Note that if a
stream is not available at a high rate rj then ui(v, rj) = ui(v, rj−1),
i.e., the marginal utility is zero.

High-Level Goal. We define a routing tree here to be a directed
tree T ⊆ E rooted away from s, along with rates ρ(T, e) for e ∈ T
such that rates along a directed path from s are non-increasing. With
abuse of notation, for each e ∈ T we let ρ(T, v) = ρ(T, (u, v))
be the incoming rate to vertex v in the tree. Set ρ(T, v) = 0 and
ρ(T, e) = 0 for vertices v and edges e not in T .

At a high level, our goal is to find a collection of routing trees Ti
in G for every stream i ∈ S to maximize the utilities of nodes who
receive each stream, while simultaneously minimizing the pro-rated
cost of the trees. More specifically, we wish to find a collection of
trees (Ti)i∈S to maximize∑

i∈S

∑
v∈V

ui(v, ρ(Ti, v))−
∑
i∈S

∑
e∈E

ρ(Ti, e) · ce. (1)

The problem is clearlyNP -complete since it generalizes the Steiner
tree problem, which corresponds to unit rates and infinite utilities at
terminal nodes.

Linear Program. We next formulate the optimization problem



Algorithm 1 Primal-dual approximation algorithm LS.
Input: A graph G = (V,E), edge costs ce for e ∈ E, streams
S originating in s ∈ V , utility ui(v, r) ≥ 0 for node v ∈ V
receiving stream i ∈ S at rate r ∈ R where R is a finite set of
possible rates. We augment the graph G as described to produce
G′ = (V ′, E′) and πrv ≥ 0 for v ∈ V ′, r ∈ R.

Output: A routing tree over G′ for each stream i ∈ S.
We run the remaining steps for each stream i ∈ S.
for each rate r = r1, r2, . . . , rk in R do

- Let C(r)← {{v} : v ∈ V ′} be a spanning forest.
- Grow yrS uniformly for each untagged component S ∈ C(r)
with rS = r until either dual inequality is tight.
- If inequality (3) is tight due to an edge e connecting two dis-
tinct components in C(r), we merge the components spanned
by e in C(r) and tag e.
- If inequality (4) is tight, we tag the component S ∈ C(r)
which we intend to exclude from the graph.
- Stop growing when there are no untagged components S ∈
C(r) with rS = r left.

end for
Traverse the list of tagged edges and components in reverse order,
discarding items whose removal produce a feasible solution.

above as a linear program. Because the routing trees are independent
from one another in our formulation, we will hereafter focus our
attention on computing the best routing tree for a single, fixed stream
i ∈ S. The routing trees for each stream can then be composed.
We note that the resulting network could place burden on individual
users. We defer link capacity concerns since we believe live streams
will not represent a bandwidth bottleneck between ISPs, but note
that methods from Steiner tree packing [6] may help to minimize
the maximum congestion on network edges.

Augmented Graph. For the sake of analysis, it is convenient
for each vertex v ∈ V to demand the stream at a particular rate
or not to demand it at all. To accomplish this, we transform the
original graph G as follows. Replace each node v ∈ V with interest
in stream i with a chain of nodes v0, . . . , vk and zero cost edges
between (vj , vj+1) for 0 ≤ j < k, such that the original neighbors
of v connect to v0. Node vj demands stream i at rate rj with a
prize πvj ,rj = ui(v, rj) for 1 ≤ j < k and πv0,r0 = 0. We
further modify the graph by replicating each edge e ∈ E to create
k + 1 parallel edges (e, r0), (e, r1), . . . , (e, rk) ∈ E′ of cost ce.
Let G′ = (V,E′) denote the final modified graph.

We define rS as the maximum rate demanded by the vertices
v ∈ S ⊆ V in G′, specifically the highest rate which has a non-zero
prize in S.

The problem we have been describing is equivalent to the follow-
ing integer program [1].

Min
∑

(e,r)∈E′

xe,r · r · ce +
∑

T⊆V−{s}
r∈R

zT,r
∑
v∈T

πv,r

(2)∑
(e,r)∈δ(S)
r=rS

xe,r +
1

2

∑
(e,r)∈δ(S)
r>rS

xe,r +
∑
T⊇S
r=rS

zT,r ≥ 1 ∀S ⊆ V − {s}

xe,r, zT,r ∈ {0, 1}, ∀T ⊆ V − {s}, r ∈ R

Here, δ(S) denotes the set of edges crossing the (S, V − S) cut,
i.e. the edges with one endpoint in S and the other in V − S. The
binary vector ~x corresponds to the edges and edge rates picked as
part of the routing tree, and for which we pay a cost. Conversely,
the ~z denotes the vertices outside of the routing tree, and for which
we pay a penalty equal to the prizes we did not collect. Note that

the new cost function (2) is equivalent to the original cost function
(1), shifted by the total available prizes. The 1

2
-term allows traffic to

be tunneled via a component (requiring at least a pair of edges) at a
faster rate than required by the nodes in the component.

We relax the integrality constraints: xe,r, zT,r ≥ 0 for all T ⊆
V − {s} and r ∈ R. The dual of the linear program is as follows.

Max
∑

S⊆V−{s}

yS

∑
S:e∈δ(S)
rS=r

yS + 1
2

∑
S:e∈δ(S)
rS<r

yS ≤ r · ce ∀(e, r) ∈ E′

(3)∑
S⊆T
r=rS

yS ≤
∑
v∈T πv,r r ∈ R, ∀T ⊆ V − {s}

(4)

yS ≥ 0 ∀S ⊆ V − {s}.

THEOREM 1. The solution found by the algorithm in Fig. 1 for
stream i ∈ S costs at most 5.986 · OPT.

PROOF. (Sketch) The proof has four steps. We first use random-
ized doubling [2] to round each traffic rate r in an instance of the
problem to aγ+j ≥ r for a fixed α, value of γ ∈ [0, 1] was uni-
formly at random, and the lowest integral value of j. The cost of the
rounded instance is at most α factor greater than the original.

We next bound the cost of the solution found by the algorithm
on the rounded instance as a multiple of the dual solution, since
the value of any dual feasible solution is at most the value of the
optimum solution for the primal. By looking at the edges (e, r)
chosen by the algorithm when the constraint (3) is tight, we find

that
∑

S:e∈δ(S);rS=rj

yS ≥ ce

(
rj −

rj
a
· 2α

2α− 1

)
= cerj

2α− 3

2α− 1

for 0 ≤ j ≤ k. One can derive a similar bound on the cost of the
graph components T included by the algorithm.

Next, we analyze LS in the Prize-Collecting Steiner Tree (PCST)
framework [4, 5]. If C(r) is the set of active components in the
output with rS = r for S ∈ C(r), then the number of edges of rate
r between the components in C(r) is at most 2C(r). Using PCST
arguments, the solution found by LS costs at most

2 · 2α−1
2α−3

∑
S⊆V−{s} yS ≤

4α−2
2α−3

OPT (5)

where OPT is the cost of the optimal solution to the linear program
of the rounded instance.

Finally, we determine the ideal value of α to minimize rounding
error using calculus. Combined with (5), LS produces a solution
with cost within a (4a−2)(a−1)

(2a−3) ln a
factor of the optimum. This ex-

pression is minimized numerically at a = 3.447, yielding a 5.986-
approximation algorithm.
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